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(i) Answer all questions. (ii) You may freely use any theorems that we have discussed in class.

(1) Let f : [a, b] → R be a bounded function such that f 2 is Riemann integrable on [a, b].

Does it follow that f is Riemann integrable on [a, b]?

(2) (15 marks) Prove that f is uniformly continuous on R, where

f(x) =

∫ x

0

1

1 + t2022
dt (∀x ∈ R).

(3) (15 marks) Prove that
∫∞
0

sinx
x

dx is conditionally convergent.

(4) (15 marks) Let f be a uniformly continuous function on R. For each n ≥ 1, define

fn(x) = f(x+ n−1) (∀x ∈ R).

Prove that {fn}n≥1 is uniformly convergent on R.
(5) (15 marks) Prove that the series

∞∑
n=1

x

(nx+ 1)(nx− x+ 1)
,

converges pointwise on [0, 1], but it does not converge uniformly on [0, 1].

(6) (15 marks) Suppose a2n = 1 and a2n+1 = 2 for all n ≥ 0. Consider the function

f(x) =
∞∑
n=0

anx
n.

Determine the domain of f and an explicit formula for it.

(7) (15 marks) Let f be a continuous function on [0, 1]. If∫ 1

0

xnf(x) dx = 0,

for all n ≥ 0, then prove that f ≡ 0 on [0, 1].
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